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ME11-3 applies concepts and techniques of inverse trigono-
A Beware! Heed warning. metric functions and simplifying expressions involving
compound angles in the solution of problems

@ Mathematics content. ME12-4 uses calculus in the solution of applied problems, in-

cluding differential equations and volumes of solids of
@ Mathematics Extension 1 content. revolution

ME12-6 chooses and uses appropriate technology to solve

@ Mathematics Extension 2 content. problems in a range of contexts

Syllabus subtopics
@ Literacy: note new word/phrase.
ME-T2 Further Trigonometric Identities
R the set of real numbers ME-T3 Trigonometric Equations

V for all ME-C2 Further Calculus Skills

0 Gentle reminder

e For a thorough understanding of the topic, every question in this handout is to
be completed!

e Additional questions from Cambridge MATHS Year 11 FExtension 1
(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019a) or Cambridge MATHS
Year 12 Extension 1 (Pender, Sadler, Ward, Dorofaeff, & Shea, 2019h) will be
completed at the discretion of your teacher.

e Remember to copy the question into your exercise book!
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....... ....... 14444”‘ Compound and double angle formulae

“‘ Learning Goal(s)’ | : : : ; : : :
i @ Understanding

......... ...... = Knowledge & Skills
' : Trigonometric identities from Manipulation of identities in Forward and backward direc-
................. Year 11 Course both directions tions of the identities
& By the end of this section am | able to:
R Lo 26.1  Consolidate trigonometric identities from Year 11. . o o
: : 26.2  Prove and apply other trigonometric identities, for example, cos 3z = 4 cos® x — 3cosx : : :
&, Laws/Results
Compound angle formulae
5 : sin(A+ B) = sin A cos B & cos Asin B R ;
| cos(A+ B) = cos A cos B F sin Asin B :
tan A & tan B : : :
................ tan(A + B) =
1Ftan Atan B : : :




~ : o
R COMPOUND AND DOUBLE ANGLE FORMULAE:

s Laws/ReSuls

sin2Ad = sinAcos A+ cosAsinAd
= ... 2sinAcosA
cos2A = cosAcosA —sinAsinA
= cos? A—sin’A (Variant 1)
= 2e082A—1 (Variant 2)
= 1-2sin® A (Variant 3)
A= fiﬁn}tﬁ;ﬁ ........
B 2tan A
N 1 —tan? A

ﬁ ExaEmpIe 1

[2007 VCE Specialist Mathematics Paper 1 Q10] (3 marks)

44/2
Given that tan 2z = — where x € [0, %), find the exact value of sinx. Answer: 1

o S




L g e
............... 6 . ... .. .. . ®&s COMPOUND AND DOUBLE ANGLE FORMULAE . = . © .

T gl

[Ex 17D Q10] Use compound angle formulae to find the exact value of

......... ....... CoSs tan_11~|-sin_11 ......... ..........
o 2 4 T

o S




O Bl

[2008 Ext 1 HSC Q6] (3 marks) It can be shown that sin 3¢ = 3sin 6 — 4sin®§ for
all values of # (Do NOT prove this.)

Use this result to solve sin 36 -+ sin 260 = sin @ for 0 < 6 < 2.

o S




T gl _________ s

[2022 CSSA Ext 1 Q12] (3 marks) Givne the pair of parametric equations

......... ...... x = 3cos? 0 ......... ......... ..........
y = sinf cosf

for 0 € [0, g], find a Cartesian equation in the form y = f(z). Answer: y= 1v3z—2?

o S

z— Further exercises

Ex 17D (Pender et al!, 2019a) Ex 17E (Pender et al., 2019a)

................. S GIGE) SEaE S R 6




~
RS COMPOUND AND DOUBLE ANGLE FORMULAE

1.1.1 Further questions
1. [2006 VCE Specialist Mathematics Paper 2, Section 2 Q5]

(b)  Use a double angle formula to show that the exact value of

cos (Z) V2+V2

R

8

Explain why any values are rejected.

(¢) Hence show that the exact value of sin <g> =

2 -2
-

NORMANHURST BOYS’ HIGH SCHOOL



, ......... 1.2 44444 Productstosums. 444444444 . ......... , ......... .......... ‘ ......... , ......... .......... « ......... . ......... , ......... ..........
7 7 Learning Goal(s) R R

i= Knowledge £ Skills Q Understanding

Products to sum formulae Manipulate compound angle for- Where the products to sum for-
................. mulae to arrive at products to mulae arise from

sum formulae

......... ...... 4 By the end of this section am | able to: ......... ......... ..........
' : 26.3  Derive and use the formulae for trigonometric products as sums and differences for cos A cos B, : :
sin A sin B, sin A cos B and cos A sin B.

........ .......... 444444 QLaws/Results ......... ,,,,,,,, ......... ......... ......... ......... ........ .......... ......... ........ ......... ........ .........

e These results arise from the sine/cosine compound angle formulae.

° Also available on the Reference Sheet.

e Generally, A > B. Select the appropriate formula for your convenience.

cos Acos B = %[COS(A—B) + cos(A + B)] ......... ......... ,,,,,,,,,,

1
sin Asin B = i[cos(A — B) —cos(A+ B)]
| " |
SR e sin A cos B = 5[51H(A—|—B)+SIH(A—B)] e SR e
................. | . |
cos Asin B = §[sm(A + B) —sin(A — B)]




PRODUCTS TO SUMS : : : : : : : : : : : : : S 11

121 Derivation of cos Acos B and sinAsin B

e g e
| : : ] 1. Write the cosine compound angle formulae: cos(A — B) and cos(A + B). |

2.  Add these together, and change the subject to cos A cos B:
""""" """"" 3.  Subtract these, and change the subject to sin AsinB: oo

o S




. 1__242....DerlvatmOfsmAcosBandcosAsm.B _____________ e __________ ......... _________ ——

......... ....... | Steps | | | 5 5 5 5 5 5 5 5 5 5 ......... ......... ..........
| | 1.  Write the sine compound angle formulae: sin(A + B) and sin(A — B). ; : :

2.  Add these together, and change the subject to sin A cos B:
""""" """ 3.  Subtract these, and change the subject to cos AsinB: oo

o S




SRR e .
5 5 : ] 1. how that = tan 30. :
| : : : Show tha cosO + cos30 + coss0 k :

sin A + sin(A + B) + sin(A + 2B)
2. h h = A+ B).
Show that cos A + cos(A + B) + cos(A + 2B) tan(4 + B)

o S

NORMANHURST BOYS’ HIGH SCHOOL



[Ex 4.8] dEmpamsk_&_Aulezm

Solve sin 26 cos = sin 36 cos 26 for 6 € [0, 7]. Answer: 0, T, 3% 5% Tn o

Ts Eéxampgle 7

[1995 4U HSC Q5]

......... ...... 1. Show that sinz + sin 3z = 2 sin 2z cos . 1 ......... ......... ..........
ii.  Hence or otherwise, find all solutions of sinx + sin 2z + sin3x = 0 for 3
.................. 0<az<om

27 4m 3w
7273’71-73’ 527r

Answer: 0

o S




S ‘ii.... PRODUCTS TO SUMS: R S b b R S b i ST SO S

O Bl

[2007 Ext 2HSCQ4 e
i.  Show that sin 36 = 3sin 6 cos? 6 — sin® 6. :

......... .......... .......... Vi  Show that

2 :
4 sin 0 sin <9+%) sin (04—%) =smn3¢ S

iii. Write down the maximum value of §

sin 0 sin (0 + g) sin <9 + 2%) ________ ..........

o S




16 : : : : : : : : : : : : : : PRODUCTS TO SUMS

[2021 Ext 1 HISCQ13]
| : i.  The numbers A, B and C are related by the equation A = B — d and 2
. L C = B +d, where d is a constant. IO SO SO SO
inA+sinC
SRR - Show that u =tanB.
E : cos A + cos C
: : - 50 . 66
SN S SIN = + SIN = —
5 : ii.  Hence or otherwise, solve ﬁ =+3for0<6<2rn 2

COS = + COs =

................. Amewems 6 = 151_;,53?_;

o Important note

""""""""" A Remember the product to sums formulae can also be used in reverse.




[2006 Ext 2 HSC Q5]

i.  Show that cos(a + ) + cos(aw — ) = 2 cos acos 3. 1
"""""""""""""""""" ii.  Hence or otherwise, solve the equation 3
......... M ......... . COSH+COS20+COS39+COS40=O ........ ..........

for 0 < 6 < 2.

o S




. 1--2-4~~~1ntegrals--§ ......... - __________ ......... _________ ——

nEN ®eemplenn

[2003 Ext 2 HSC Q6]

i.  Prove the identity cos(a + b)x + cos(a — b)x = 2 cos ax cos bz. 1

- - 4 Hence ﬁnd/cos3:ccos2:cd:c. 2 - -

Answer: % sinz + 75 sin 5z + C

o S




. ?s,Examp,eB _________ S A R
| mmen Gaeawmmy .

......... .......... .......... . (a) Show that sin(A e B) e sin(A — B) =92sinAcosB. ..........
| . . . (b)  Hence find: .

us

i. /5251113:00032300390 ii. / sin 3z cos 4z dx .........
0 0

(¢)  Show that / sin ma cos nx dx = 0 for positive integers m and n:

—T

1. using the primitive ii. using symmetry arguments

o S




g TNV UFIURE N0 PO SO OO [ SO PR SO0 O 0 S S .
- L Ex 17G (l&ndfm_em_al] 20194) - Section [L2 only :
e e Ql(b), 2

Ex 11A  (Pender et all, 2019b) - all of Section [II

e All questions

..................................




......... ......... .......... thformulae 444444 444444444 ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

................................ = Knowledge < Skills @ Understanding

. : : : When to use the ¢ formulae Manipulate expressions and Where the t formulae arise from

......... .......... .......... . prove identities using the ¢ ..........
formulae :

& By the end of this section am | able to:
26.4  Derive and use expressions for sin A, cos A and tan A in terms of ¢ where ¢ = tan %.

26.6  Solve trigonometric equations requiring factorising and/or the application of compound angle, double
angle formulae or the ¢ formulae

26.7  Solve trigonometric equations and interpret solutions in context using technology or otherwise




BT Derivation

oy [Bsteps - s
| | 1. Ift= tang, then | | |

""""" """" 2.  Draw a right angled triangle with angle 6, use Pythagoras’ Theorem to find the
: : missing length of the hypotenuse and obtain expressions for sin# and cos@ in
terms of ¢:

o o I

o S




# FORMULAE : : : : : : : : : : : : : 23

O Bl g

Use the t formulae to prove

1 — cos@ sin 6 —
= . b sec 2x + tan 2z = tan (z + —)
(2) sin 6 1+ cosf (b) 4

--------- -------- A 1 a question only contains a trigonometric term involving a single angle and its ----------

equivalent double angle, e.g. sinf and sin 26, use t = tan @ instead of ¢t = tan %.

o S

e Q1-10




. 2__142....50111“0“Ofequatlons._____é ......... e ......... _________ ——

ey Bstess

1.  Use transformation provided to convert equation with trigonometric terms into
a polynomials in ¢.

2. Solve via polynomial techniques.

3. Transform solution back into 6.

o @mpertantnote

Do not apply the t-formulae unless asked to do so.

BUUINE U B - T O R O O O A O
| [Ex 2B Q6] (Pender, Sadler, Shea &wﬂd[zggd SR

2t
(a)  Given that t = tan 112.5°, show that i L.

(b) i Hence show that tan112.5° = —/2 — 1.

ii. ~ What does the other root of the equation represent?

o S




5cosf —2sinf = 2

for 0° < 6 < 360° by using the substitution ¢ = tan g. Answer: 46°24/, 270°

o S




T gl

If « and B are roots of the equation

cosx +3sinx+2=0

@
2

B tan® — + tan® = e :
SR et o 2+an 2 LI SR bobee.

and tan £ and tang are not equal, find the value of

o S







e T Example1g _________ A
- [2009 Ext 2 HSC Q8] A -

i.  Using the substitution ¢ = tan g

: : t9+t — te : : :
b TR T S IO O B O

ii.  Use mathematical induction to prove that, for integers n > 1, 3

or otherwise, show that 2

n

| : Z 1 tan g ! cot < 2cotx : : :
........ ....... or—1 or — 9n—1 on ........ ......... ..........

r=1

iii.  Show that 2

- 1 r 2

iv. Hence find the exact value of 2

SR ta 7T-I—lta 7T+1ta L
: : n — - n — — n—
S R 4 2 8 4 16

o S




.............................................................................................
.................................................................................................................

Ex 11C  (Pender et all, 2019h)

e Q1-10




............... B0 o AUNIIARY ANGLBMBTHOD
, 444444444 ..... 2.2 44444 Auxiliaryanglemethod‘,. ......... , ......... .......... ‘ ......... , ......... .............................................................
' ' 5 ﬁ Learning ‘Goal(s): 5 5 5 5 5 5 5 5 5 5

= Knowledge £ Skills ¢ Understanding
| : When to use the auxiliary angle Deriving the results needed to Where the auxiliary angle
o . method find the auxiliary angle and method arises from S A
_ : solve problems
......... M ...... @By the end of this section am | able to:
' ' 26.5  Convert expressions of the form acosz + bsinz to Rcos (z £ a) or Rsin (z + «) and apply these to
______________ solve equations of the form acosx + bsinx = ¢, sketch graphs and solve related problems

2.2.1 Sum éof tvszro sin;usoids Wifch thie san;rle fr(;equerélcy

........ .......... - 'GebGebfa ....... S AR S S S S AR S b S i L 444444444 ........ .........
| : Investigate altering the a, b and w; values in this GeoGebra applet. : : :
o (7 https://www.geogebra.org/m/vthmx6ént

Q LaV\Els/Re§suIts

................ I —
........ ....... g= s e R
<<<<<<<<< »»»»»» where a, b € R and n € R, the resultant curve when adding a sin nz with bcosnz <<<<<<<<< -------- »»»»»»»»»»
| : will result in: : : :
. 444444444 ....... ° a]_tered ...... amphtudo ........................................
................. o altered phase
A o unaltered frequency ... R
, 444444444 ....... y — aSin nT + bCOS nT can be o ¢C0Hapscd7 ........ lntO new a Single SinuSOidal ..................................
term with a new  amplitude and  phase —  shift
y = Rsin(nz £ «) or y = Rcos(nz £+ «)
............... or some B and o ¢ B.

g Definitioﬁ 2

The auziliary angle is o from the above result.

Q Definition 3
The auziliary angle method is the process to convert the sum of two sinusoidal terms A
with the same frequency , into a new sinusoidal term with a new = i, S



https://www.geogebra.org/m/vthmx6nt
https://www.geogebra.org/m/vthmx6nt

9B Derivation

iy Bsteps
: : : -} For a, b > 0 and the following sums of sinusoids, use the sine and cosine compound 5

......... .......... .......... . angle formulae to equate ‘coefficients’: ..........
' ; ' ; e asinz £ bcosz: choose Rsin(z + «) :

asinx +bcosz = Rsin(z £ «)

acosx +bsinx = Rcos(z F «)

Then use other techniques for solving pairs of simultaneous equations to obtain values :
foor Rand w. S

......... .......... .......... Glmportantnote ......... 444444444 .......... .......... ......... ......... .......... .......... ......... 444444444 ......... ..........

Choose the correct sinusoidal term so that R and « are minimised and positive, i.e.:

e R>0. oO<a<§.

....... .......... ........ """"‘t'o“im‘poéta'nt“5notE't ....... R P ORI AP P R R SR SRR L R .........

Do not memorise the result R = v/a? + b? or tana = % that some textbooks try to
provide. Memorise the technique instead.

NORMANHURST BOY$’ HIGH SCHOOL



............................................................................................................................................................................................................

B 513E5xamrile20§§5555§§§§§5___§ _________ -

[2003 Ext 1 HSC Q2]

SERREEE P 1. Express cosz — sinz in the form R cos(x + «), where « is in radians. 2 i e e

ii.  Hence, or otherwise, sketch the graph of y = cosx—sinz for 0 < x < 27. 2

o S




o }s'Exampien ......... 0 O O T N 0 S

| [2014 Sydney Grammar Ext 1 Trial Q12
| : : | i Write the expression v/2sin z — v/6 cos x in the form Asin(z — ), where 2
i o L 3 A>0andO<6O<Z.
| : . | ii. Hence write down the maximum value of V2sinz — V6 cos x, and find 2 :
""""""""""""""""" the smallest positive value of x for which this maximum occurs.

..................................................................................................................................................................................................................




S S« S SN U A S b R S b b R | AUXILIARY ANGLE METHOD. . e,

i s ]sExampleZZ ......... e, SO OO U SO OOOE SO s b, e = e o
| : [2020 Ext 1 HSC Sample Q13] (4 marks) A device playing a signal given by - -
& = /2sint + cost produces distortion whenever |z| > 1.5. : 5 5

""""" """" For what fraction of the time will the device produce distortion if the signal is played
continuously?

o S




e 224 Solutmnofequatms ___________ T T e

° After collapsmg the sum of two smusmdal terms answer the questlon'

L REewen
5 : : | [2009 Ext 1 HSC Q2] 5

--------- -------- 1. Express 3sinx + 4 cosz in the form Asin(x + «), where 0 < o < % 2 ---------

ii.  Hence, or otherwise, solve 3sinx + 4cosx = 5 for 0 < z < 27. Give 2

your answer, or answers, correct to two decimal places.

o S




36 : : : : : : : : : : : : i AUXILIARY ANGLE METHOD!

T Example 28
| [2022 CSSA Ext 1 Q11] S

i.  Write the expression 2v/3sinz + 2cosz in the form Rsin(z 4 «) where 2
R>0and 0 <a < 7.

ii.  Hence find the value of k, where 0 < k < 27, for which 3

k
/ <2x/§cosx—2sinx) dr =2
0

w

o S




‘AUXILIARY ANGLE METHOD : : : : : : : : : : : : 237

[2007 Ext 1 HSC Q6] A particle moves in a straight line. Its displacement, z
metres, after ¢ seconds is given by

B r—3sin%—cos2+3 e

i.  Moved to new Extension 2 syllabus.

ii.  What is the period of the motion? 1 ..........

iii. Express the velocity of the particle in the form 1

& = Acos(2t — «)

where « is in radians.

L - SR | iv. Hence, or otherwise, find all times within the first 7 seconds when the - .-
' : : ‘ particle is moving at 2 metres per second in either direction. :
.......“m.........A.M....._......4‘45.;5..Furthér..exércise§ ....................................................................................................................................

e Q1-19




38 AUXILIARY ANGLE METHOD

2.2.5 Further questions
1. [2010 Ext 1 HSC Q2]

i. Express 2cosf + 2 cos (6’ + g) in the form Rcos(f + «) where R > 0 3
and 0 < o < g
ii. Hence, or otherwise, solve 2

2cosf + 2 cos <0+%> =3

for 0 < 0 < 2.

NORMANHURST BOYS’ HIGH SCHOOL



........ .......... ......... 2"3“"Substltut|0ns and roots Of po[ynomlais ......... ......... ......... ......... ......... ......... ..........

N .‘{‘Examplezﬁff:---EEEEEE ________ .

[2020 Ext 1 HSC Sample Q13/Ex 17E Q12]

--------- --------- --------- 1i.  Prove the trigonometric identity cos 36 = 4 cos®*§ — 3 cos . 3 ----------

ii.  Hence find expressions for the exact values of the solutions to the equa- 4

tion 83 — 6x = 1.

o S




T Example 2T
| [2020 Ext 1 HSC Q14] S

3 in(36
i.  Show that sin®f — 1 sin 6 + # = 0. 2
ii. By letting z = 4sin 6 in the cubic equation z* — 12z + 8 = 0, show that 2 E E E

...... in(30)

................. 5 25 3
ili. Prove that sin2118—|—silr12%—|—sin21—87r =3 § g §

o S




gExample L R R R R e S Rl e e R LR e e SR Rt R Rt Sttt SRRt LIAREARs Sl SR STETIE
[2020 Independent Ext 1 Trial Q13]
i.  Prove the trigonometric identity 2
................................. 3 tand — tan® 0
tan 360 =
................................ 1_3tan29 IR S R
| : : | ii.  Hence show that the equation * —3v/32% — 32+ /3 = 0 has roots tan I, 3 :
......... ......... tan 4« o T and tan Z° 9 ........ ..........
| il Hence show that tan® § + tan® 7 + tan® T = 33. 2 S

o S




42 SUBSTITUTIONS AND ROOTS OF POLYNOMIALS

2.3.1 Additional questions
1. [2020 Hornsby Girls HS Ext 1 Trial Q14]

i. Prove the trigonometric identity: 3

3tand — tan3 0
1 —3tan?0
ii. Using the identity above, show that the roots of the cubic equation 2

tan 30 =

2 =32 =3 +1=0
5
are tan l, tan -~ and —1.
12 12
iii.  Hence, show that tan % =2—3 2

2. (Sadler & Ward, 2019, Ex 3B Q11) - modified

5tanf — 10 tan® 0 + tan® 0
1 —10tan%0 + 5tan* 0

i. It is given that tan 50 =

Hence show that the equation 2% — 102? + 5 = 0 has roots

2
a::j:tang andx:itan%

2 2
ii. Deduce that tan g tan % = +/5 and tan? g + tan? % = 10.

3.  (Fitzpatrick, 1991, Ex 36(c))

1. Given cos30 = 4 cos® — 3 cosf and sin 30 = 3sinf — 4sin® ), find an expression
for cos 46 in terms of cos @ only.

ii. Use the result to show that the equation 8z* — 822 4+ 1 = 0 has roots

B T 3 5T 7T
[E—COSS, COS8, cos8, cos8
iii. Hence show that
s n 3 n 5% n T 0
COS — + cos — + coS — + cos — =
8 8 8 8

and

o™ 3w 1
Cos” = cos” — = —

8 8 8

NORMANHURST BOYS’ HIGH SCHOOL



SUBSTITUTIONS AND ROOTS OF POLYNOMIALS 43

4. [2007 4U HSC Q5] In the diagram, ABCDE is a regular pentagon with
sides of length 1. The perpendicular to AC through B meets AC' at P.
A

1. Let u = cos % 2

Use the cosine rule in AAC'D to show that 8u? — 8u?2 +1 = 0.

1
il. One root of 82% — 822 +1=101is 7 2
Find the other roots of 822 — 822 +1 = 0, and hence find the exact value
of cos g

NORMANHURST BOYS’ HIGH SCHOOL



o S

“‘ Learnmg Goal(s)

= Knowledge

Apply the cosine double angle
formulae to obtain expressions
for sin® nx and cos® na

& By the end of this section am | able to:

26.8

£ Skills

Trigonometric manipulations

26.9  Solve problems involving / sin® nz dz and / cos” nz dz

@ Understanding
Where these transformations

arise from

1 1
Prove and use the identities sin® nz = = — 3 cos 2nz and cos® nx = 3 + 3 cos 2nx to solve problems




From Section [I.T on page

cos2A = 2cos? A —1 (Variant 2)

= 1—2sin? A (Variant 3)

Rearrange Variant 2:

1 1
A= piaeE
Rearrange Variant 3:
9 1
sin“ A = ——5008214

g ExaEmpIe 29

[1996 3U HSC Q3] (2 marks) Show that

o S




- W 0 O U 0 OO O O O OO O O O

[2010 Ext 1 HSC Q3] (2 marks) The derivative of a function f(z) is given by

| | f/(z) = sin*x | | |

Ts Eéxampgle 31

[2012 Ext 1 HSC Q7] (1 mark) Which expression is equal to

E.; ...... /Sin23xdx E...;E ..........
, . 1 . . .

(o~ Lansa) v L e

1 1
<ﬂc+§sin3x) +C (D) <x—|— gsin6sc) +C




T Evample 32
] [1996 3U HSC Q5] :

i.  Solve the equation sin 2z = 2sin’z for 0 < = < =. 2

ii.  Show that if 0 < x < %, then sin 2z > 2sin® z. 2

R P L iii. Find the area enclosed between the curves y = sin2z and y = 2sin’z 7 . P
, . : : e :
for0<z < n

o S




o S

Ex 12C  (Pender et all, 2019h)




NESA Reference Sheet — calculus based courses

| | .“ [ NSW Education Standards Authority
N
ﬁsw HIGHER SCHOOL CERTIFICATE EXAMINATION

GOVERNMENT i
Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2
REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(l1+r)
[ = i X 27r
360
Sequences and series
Area
A:ixmz 7;1=a+(n—l)d
360
h
A :E(a+b) Sn=§[2a+(n—l)d]=g(a+l)

Surface area

A =27r% + 27rh

2
— S = = s #1
A = 4nr ' —r 1 r
Volume
= 1
V= iAh S = ‘ r‘ <
3
V= i71'r3
3
Functions Logarithmic and Exponential Functions
[12
Y= —b++b"—4ac logaax =y = alogax
2a

For ax® + bx’>+cx +d = 0:
a+ﬁ+y=—§

c

o +ay+Py=-
and aﬁy:—g

Relations
(x—h)2+(y—k)2=r2

log, x

log x =
&a log,a

af = exlna




Trigonometric Functions

SinA = %, COSA = a—dj, tanA = ﬂ
adj
A= lab sin C
2 \/E 45
a b c
= = 450
sinA  sinB  sinC
¢ =d*+b*>=2abcosC
2,52 2
a +b°—c
cosC=—— o
2ab 30
2
l=r6
A= l}’249 /60°
2 1
Trigonometric identities
secA = ! ,cosA#0
CosA
cosecA = ,1 ,sinA#0
sin A
COtA = C(,)SA, sinA #0
sinA

cos?x + sin’x = 1

Compound angles
sin(A + B) = sinAcos B + cosAsin B
cos(A + B) = cosAcos B — sinAsin B

tan(A + B) _ tanA + tan B
1—-tanAtanB
If t=tané then sinA = 2
2 1+
’1_ 2
COSA = !
1+£
tanA = 2
|-

cosAcosB = %[COS(A — B) +cos(A + B)]
sinAsinB = %[cos(A — B) — cos(A + B)]
sinAcosB = %[sin(A + B) +sin(4 - B)]

cosAsinB = %[sin(A +B) —sin(A - B)|

sin’nx = %(1 — oS 2nx)

cos’nx = %(1 + cos 2nx)

Statistical Analysis

An outlier is a score

less than O, — 1.5 X IQR
or

more than QO + 1.5 X IOR

Normal distribution

0 1
approximately 68% of scores have
z-scores between -1 and 1
approximately 95% of scores have
z-scores between -2 and 2
approximately 99.7% of scores have
z-scores between -3 and 3

-3 2 -l

E(X)=u

Var(x) = E[(X - u)*] = E(X?) - i

Probability

P(An B)=P(A)P(B)
P(AUB)=P(A) + P(B) - P(ANB)
P(A|B) = M, P(B)#0

P(B)

Continuous random variables
X
P(X<x)= J S(x)dx
a
b
Pla<X<b)= J F(x)dx

a

Binomial distribution

P(X=r)="Cp'(1-p)"~"
X ~ Bin(n, p)
= P(X=x)
n .
=(x)px(1—p)’ Y x=0,1,....n
E(X)=np

Var(X) = np(1-p)




Differential Calculus

Function

y=f(x)"

y=uv

y = g(u) where u= f(x)

y =sin f(x)

y = cos f(x)

y = tan f(x)

y=el/®)

y=1In/(x)
y=a/®

y=log, f(x)

y=sin"" /(x)

y=cos™ f(x)

y=tan"' f(x)

Derivative
RGO
dy _ v du
dx dx dx
dy _dy du
dx  du’ dx
du dv
V— —U—
dy _ dx dx
dx V2
L= ) cos /()
X
L sin )
X
D _ () sectf(x)
dx
L el
dy _ S (x)
dx  f(x)
D _ (1na) £/(x)a"™)
dx
dy_ W
dx (Ina) f(x)
dy S(x)
dx 1— [f(x)]2
& W
dx 1— [f(x)]2
dy S(x)

Integral Calculus

Jﬁ&ﬁf&ﬂ%ﬁz;&ﬂf@ﬂ“ﬁw
where n # -1

~

S(x)sin f(x)dx =—cos f(x)+c

~

J(x)cos f(x)dx =sin f(x)+c¢

~

S'(x)sec? f(x)dx = tan f(x)+¢

~

f’(x)ef(x)dx =e/W4¢

(f'(x)
J S(x)

dx =1n| f(x)|+¢

( /(%)
f’(x)af(x)dx =4
J Ina

+c

S'(x)

V= [/(x)F

Jif’(x) dx = ltan_1 M+ c
a2 +[f(x)]2 a a

uﬂdx =uy— vﬂdx
dx dx

b
j S(x)dx

:ééig{f(a)+j(b)+2[f(%)+--~+f(@7J]}

dx =sin”!

L

where a =x, and b=x,




Combinatorics

np Nt

" (n=r)
(n)z,,c _ n!
r r

r(n—r)!

1 r

n\ n\ per r
(x+a)"=x”+( )x” 1a+---+( )x" "a’

+ .-

+a"

Vectors
| = xi +yj| = 2?+y?

u-v=|ul|v|cosd = xx, +yy,,
where u = x;i+yj

and y:x2£+y2!'

r=a+A

1S

Complex Numbers

z=a+ib=r(cosf+ isinh)
=re'?
[r(cos 0 + isin 9)]” = r"(cos nf + isinnb)

— rnemé

Mechanics

d* dv  dv d (1 2)
72 =—=y—=—|—V
dt= dt dx dx\2
x=acos(nt+a)+c
x=asin(nt +a) + ¢

X= —nz(x —-0)
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